We present a Galilean invariant 1+1 dimensional B-F type field theory which arises in the dimensional reduction of the Chern-Simons gauged non-linear Schrödinger model in 2+1 dimension in the Bogomol'nyi limit. In this reduction, the B field couples with the matter field in a non-gauge covariant way and it is demonstrated that the model supports Galilean boosted solitons which saturate the Bogomol'nyi bound in static case. In addition, it allows other soliton solutions in the presence of backgrounds.
1. Introduction: Recently, there have been some attempts [1, 2] to derive 1 + 1 dimensional field theory through the dimensional reduction of Chern-Simons gauge theory in 2+1 dimension. One of the main motivations could be the investigation of the generalized statistical behavior [3] of many particle system in 1+1 dimension in relation with anyon physics [4, 5] . The dimensional reduction of the second spatial coordinate in Chern-Simons field theory yields B − F type gauge theory where the gauge field A y becomes the B-field, and is conjugate to A x . One can generate a large class of 1+1 dimensional models, depending on the prescription of the potential V as a functional of B, A x and the matter field ψ, and of the dynamics of B.
In this letter, we present a new type of field theory which is again related with 2 + 1 dimensional Chern-Simons gauge theory by the dimensional reduction. Unlike the models in Ref [1, 2, 6] , our model has the Galilean invariance (and the parity), and admits a B field coupling with the matter field in a non-gauge covariant way. It is shown that a soliton solution which saturate the Bogomol'nyi bound in the statics case exists. Moreover, other static or soliton solutions can be obtained in the presence of static or soliton backgrounds.
The model and soliton solution:
Our Lagrangian is given as
We use the notationξ ≡ ∂ t ξ and ξ ′ ≡ ∂ x ξ. ψ is a complex field, conjugate to ψ * and B ′ is real and conjugate to ξ. ν is an arbitrary constant. (Charge e is absorbed into the definition of gauge field). It is to be noted that there is no imaginary number i in front of the field B unlike the gauge field ξ ′ . The above Lagrangian is invariant under the gauge transformation:
It also has the Galilean invariance given by
under x → x + vt and t → t. The parity transformation is given by
The Lagrangian in (1) gives rise to a Hamiltonian by
where the Gauss's law constraint G is given by
with ρ ≡ ψ * ψ. The above formulation is another version of the dimensional reduction of the 2 + 1 dimensional Chern-Simons gauged non-linear Schrödinger model introduced by Jackiw and Pi [7] : We identify the gauge fields as A x = ξ ′ , A y = B and A 0 = φ, and assume that each field is a function of t and x only. (We denote κ =
2ν
and put the coupling constant g of Ref. [7] equal to
which corresponds to the Bogomol'nyi limit of the Jackiw-Pi model.
is equivalent to changing ν to −ν.) The matter field in this reduction has not only the covariant coupling with the gauge field ξ but also the additional non-gauge interaction with B, and this is the main difference of our model from Ref. [1, 2] , along with the Galilean invariance.
To investigate the model in terms of the classical field theory, we first eliminate the ξ field through a phase redefinition of the matter: ψ → exp(iξ)ψ and shift φ by −ξ. Then, solving the Gauss's law constraint, we obtain the Hamiltonian in terms of the matter field only,
where
is the odd-step function which is ±1 depending on the signature of x. c is an arbitrary constant. To maintain the parity invariance, we choose c = 0.
Since the Hamiltonian (7) is a perfect square (positive semi-definite), we can look for the Bogomol'nyi bound, which is obtained by solving the first order nonlinear differential
Assuming a solution of the form ψ(x) = ρ(x), we have
Differentiating the above equation with respect to x, we find the following 1-dimensional Liouville type equation:
The soliton solution exists for the case of ν > 0;
with b 2 = 2aν. (For negative value of ν, see below). This is the parity even solution. We may obtain the moving soliton solution by Galilean-boosting this,
The field has the normalization
If |b| is an integral multiple of ν, then the soliton number is a positive integer. The energy of the moving soliton is expressed by
and the momentum is given by P = mvN . Thus we have E =
, which is precisely the dispersion relation of the classical nonrelativistic particle.
3. Quantum mechanical consideration: Next let us consider the system quantum mechanically: We quantize the fields first and then reduce the phase space using a unitary transformation [8] . Using the symplectic structure, we find;
The second equation gives [ξ(x, t), B(y, t)] = iνK(x − y). To eliminate the gauge field, we introduce a unitary transformation given by
Then new Hamiltonian H N = UHU −1 is given by
Here normal ordering is assumed. Since ξ is eliminated, the Heisenberg equation of motion for B yields iḂ = [B, H N ] = 0 and therefore, B plays the role of background field. Without loss of generality, B can be put to zero which respects the Galilean symmetry.
To examine the N-particle quantum mechanics of the Hamiltonian (17), we define the N-body wave function as
Then we arrive at the N-body Schrödinger equation:
This Schrödinger equation is the same as the one derived from the non-linear Schrödinger model up to a constant which depends on the particle number. The many-body solution of the above equation was obtained in [9] and the permutation symmetry of the solution was considered in [10] .
4. Soliton solution in the presence of background : Let us return to the classical field solution for the case ν < 0. In this case, the field interacts with itself in the repulsive way such that the interaction does not support soliton solutions. Thus, one may suspect that an additional attractive background source to the classical field theory Eq. (7) will produce a static stable configuration, even though it breaks the Galilean invariance. To investigate this possibility, we add to the Hamiltonian ∆H given by
This addition is equivalent to introducing a background contribution, B = −γǫ(x), which provides a specific reference frame to the system and breaks the Galilean invariance. We can check this either by using the same unitary transformation as the Eq. (16) or solving the constraint directly;
The Bogomol'nyi bound is determined by
Assuming a solution of the form ψ(x) = ρ(x) up to a constant phase, we have
Differentiating the above equation, we find the following Liouville type equation:
This equation allows the following cusp-like solution;
with requirements:
The number density N is given by
Therefore, we succeeded in obtaining a static solution for ν < 0 and γ > 0 (mutually repulsive but attractive to the background):
. If N is a positive integer, then, γ is an integral multiple of |ν|.
However, as expected from the broken Galilean invariance, the moving soliton solution cannot be obtained by boosting the above static solution. To cure this, we may instead introduce a dynamical field whose interaction respects the gauge and Galilean symmetry.
This is obtained if we introduce another field χ and add to the Lagrangian (1)
η is the charge ratio of χ to ψ and g is the self-coupling constant of χ. This Lagrangian can also be obtained from the 2 + 1 dimensional theory. After the elimination of the field ξ, we have the Hamiltonian as
where τ ≡ χ * χ.
Let us again look for a solution which saturates the Bogomol'nyi bound:
Then, the classical field χ satisfies the non-linear Schrödinger equation,
which allows the stationary soliton solution when self-coupling is attractive, ηg > 0; up to a trivial phase factor it is given as
On this soliton background, we have the Bogomol'nyi bound if ψ is given as
where B = β 2 ( 1 2ν
) > 0. The range of the parameters is given as for η > 0 (g > 0), 0 < ν < . It is to be noted that the Calogero system is described by a similar non-gauge interaction [2] , which emerges in the dimensional reduction scheme of the Chern-Simons theory in which one shrinks the second spatial coordinate to vanish after the holomorphic gauge fixing is done [11] . Therefore, we expect an interesting intertwining effect between the non-gauge type of covariant derivative and the generalized statistics in 1+1 dimension, which we leave for future analysis.
